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A pulsed cooling scheme for optomechanical systems is presented that is able to cool at a much
faster rate than possible by conventional methods. The proposed scheme can be implemented for
both strongly and weakly coupled optomechanical systems. We discuss analytically its underlying
working mechanism, which is based on interferometric control of optomechanical interactions, and
we demonstrate its efficiency for pulse sequences that have been obtained with methods from optimal
control. The large obtained cooling rates suggest that our scheme provides a significant reduction of
current experimental constraints, in particular environment temperature, for optomechanical ground
state cooling. Finally, the presented framework can be used to create a rich variety of optomechanical
interactions and hence offers a novel, readily available toolbox for fast optomechanical quantum
control.

INTRODUCTION

Micro- and nanomechanical resonators are currently
emerging as new quantum systems [1]. Their integrabil-
ity in a solid state architecture offers attractive oppor-
tunities for quantum information objectives such as me-
chanical quantum registers [2, 3], optomechanical quan-
tum transducers [4] or quantum memories [5]. At the
same time, their size and mass promise access to a hith-
erto untested regime of macroscopic quantum physics [6–
10]. A prerequisite to achieve full coherent control over
mechanical quantum states is to operate these systems
close to their quantum ground state and to achieve cou-
pling rates that exceed all other decoherence rates. The
field of cavity quantum optomechanics [11–14] utilizes
methods from quantum optics in combination with op-
tomechanical radiation pressure interactions to achieve
this and experiments are progressing rapidly. For exam-
ple, optomechanical cooling close to [15–17, 22] and even
well into [18] the quantum ground state of micromechan-
ical devices has been realized. Independently, the strong
coupling regime has been demonstrated [19, 20], and op-
tomechanical analogues of electromagnetically induced
transparency [21, 22] have shown first steps towards me-
chanical storage of light.

Notwithstanding these successful developments, the
current experimental constraints for full quantum control
are quite demanding. The main reason is that most me-
chanical devices are intrinsically connected to a hot envi-
ronment through their supports, which results in large
heating rates. The most widely used cooling scheme
[27, 28] is based on sideband cooling, initially developed
for trapped ions [29], whose speed is inherently limited
by the trap, i.e. mechanical, frequency ν. In other words,
the ultimate cooling rate Γ of such schemes will always
be limited through Γ < ν. Efficient cooling therefore
requires to minimize the thermal coupling, either by op-
erating in a cryogenic cavity [15–18, 23] or by decoupling

the mechanical resonator from its environment [24–26].
Alternatively, faster cooling schemes that can beat the
mechanical heating rate are required. Recently it was
demonstrated in the context of ion trap physics that
pulsed schemes can break the speed limit set by the os-
cillator frequency [30]. The way that these schemes oper-
ate is to independently activate either the cooling or the
heating process, not by the use of the rotating wave ap-
proximation but by interference between different optical
pulses incident on the system being cooled. While the va-
lidity of the rotating wave approximation poses a natural
limit to the strength of interaction, quantum interference
does not. This offers a new strategy for fast optomechani-
cal interactions, in particular for optomechanical cooling.

A building block used throughout this work involves
the Baker-Campbell-Hausdorff (BCH) formula [31] to an-
alyze a pulse sequence of three segments. In the first
segment a pulse Ωô is applied for time tp, with driving
strength Ω and driving term ô. Subsequently, the sys-
tem is let to evolve freely for a time tf . Finally, the se-
quence closes with a counter-pulse −Ωô and duration tp.
We denote this pulse sequence as the BCH transforma-
tion {−Ωô, 0,Ωô} with a time structure vector (tp, tf , tp).
In the analytical derivations made throughout this work
the strong pulse limit is assumed, where the pulses are
so strong as to allow for the mechanical resonator’s free
evolution to be neglected. Let us consider the un-pulsed
situation described by a Hamiltonian ĥ. For a commu-
tator [ô, ĥ] commuting with ô, the BCH formula shows
that the pulse sequence above is equivalent to transform-
ing the operators of the Hamiltonian ĥ to ĥ + Ω[ô, ĥ]tp.
A carefully chosen sequence of pulses and counter-pulses
can therefore generate, in principle, any linear canonical
Hamiltonian and a number of important nonlinear ones
[32]. The strength of the desired Hamiltonian is only lim-
ited by the strength of the pulses and not by a natural
frequency of the system such as the mechanical frequency.

In this letter we demonstrate how the combination of
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fast pulses with ideas from optimal control allows for ef-
ficient and fast cooling of mechanical oscillators. Our
scheme utilizes cavity dynamics that proceed faster than
the cavity lifetime 1/κ, which is achieved via short pulses
and interference between the time-dependent intra- and
extra- cavity fields [33]. The pulsed laser sequence cre-
ates an approximation to the beam-splitter operator
xmxc + pmpc ∝ ab† + a†b, where a is the annihilation
operator of the cavity, b is the annihilation operator of
the mechanical oscillator and x, p are the quadrature
operators. Use of analytical tools and optimal control,
which is a combination of BFGS [34] and simulated an-
nealing [35], are applied to engineer an efficient and fast
cooling cycle. The scheme is shown to be applicable in
both the good cavity(κ

ν
< 1) and the bad cavity (κ

ν
> 1)

limits. Finally we analyze the efficiency of the scheme
and discuss its experimental feasibility.

PHYSICAL SETTING

Cavity optomechanical systems fundamentally involve
an optical cavity field which couples to a mechanical res-
onator due to radiation pressure. Here the optical (me-
chanical) mode, oscillating at a frequency ω (ν) is char-
acterized by a relaxation timescale κ (γm). The optical
mode is driven by a detuned laser field of frequency ωl

with a strength Ω. The Hamiltonian corresponding to
this system reads:

H = ∆a†a+νb†b+
g0√
2
a†a(b†+b)+Ω(a†e−iφ+aeiφ) (1)

where φ is the initial phase of the driving, ∆ = ωl−ω and
g0 is the optomechanical coupling rate between oscillator
and cavity modes.

LINEAR APPROACH

The complete optimization in the non-linear regime
is challenging. Hence we are now breaking the problem
down into more readily treatable units. First, in the limit
where g0 ≪ ν, we consider a linearized problem for which
optimization is straightforward. A pulse sequence is pro-
posed in this section that efficiently adds an anti-Stokes
operator to the Hamiltonian. The so determined coupling
rates will determine the required cavity photon number
and will thus constitute a first approximation to the re-
quired laser pulse sequence. This sequence can then serve
as a starting point for the final optimization in the fully
non-linear setting.

Since this scheme makes use of rapidly changing driv-
ing, the usual procedure [19, 27] to linearize the Hamil-
tonian in eq. (1) cannot be easily applied. It is nec-
essary to move to a frame co-moving with the state of

the cavity. This will correspond to an interaction pic-
ture with respect to the non coupled part of the cavity
Hamiltonian. In this frame the operator a is by defini-
tion a small perturbation generated by the weak coupling
parameter g0, and this allows to drop the quadratic term
of the coupling. The definition xj = 1√

2
(aj + a†j) and

pj = i√
2
(a†j − aj) for any mode j allows for a compact

expression of the Hamiltonian:

H = ∆a†a+νb†b+(G(t)a+G∗(t)a†)xm+ |G(t)|2xm (2)

Where G(t) = ig0e
−i(∆−iκ)t

∫ t

0
Ω(t′)ei(∆−iκ)t′dt′ is the

time integral of the driving power, the subscriptm stands
for the mechanical mode and the subscript c for the cav-
ity mode is used below.
The linear behavior of the dynamics admits the use

of the covariance matrix approach [36]. Decoherence ef-
fects from the coupling to the environment can easily be
monitored. We define the vector R ≡ (xc, pc, xm, pm)t so
that the matrix of covariances reads γi,j ≡ 2Re{〈RiRj〉−
〈Ri〉 〈Rj〉}. Its equation of motion and the matrices
defining it are:

d

dt
γ = Mγ + γ (M)

T
+

κ

2
P (3)

M = SV − κ

2
P (4)

P =









0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1









(5)

where V is the potential matrix and S is the symplectic
matrix.
Let’s now consider the BCH transformation

{−Gpcxm, 0, Gpcxm} of time vector (t1, tf , t1), where
G is the absolute value of the function G(t). Only the
operators xc and pm will be affected in the Hamiltonian,
since they are the only ones for which the commutator
with the pulse operator is not zero. Since [x, p] = i,
this transformation is equivalent to the substitutions
pm → pm +Gt1pc and xc → xc −Gt1xm, thus obtaining
the following Hamiltonian:

H = H0 + 2Gt1νpcpm − 2Gt1∆xcxm. (6)

where H0 is the Hamiltonian in eq.(2) for G = 0. A
further 4Gt1∆xcxm pulse can compensate for the sign
difference of the coefficients of both terms. This way, un-
der the resonance condition ∆ = ν, a beam-splitter (red
sideband) operator has been generated [37]. In a simi-
lar way, without a compensating pulse, a blue-sideband
operator can be generated (xcxm − pcpm). The require-
ments on the laser power for this sequence to work can
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be estimated to Ω ≫ 10ν2/g0, eq. (6), assuming one
tenth of the pulse time is allowed for the control variable
to adopt a new value. This requirement can be consider-
ably relaxed by the use of optimal control methods which
also yields higher cooling rates.

Optimizations Using Optimal Control

Optimizations have been performed using QLib’s
[38] optimization infrastructure, which interchanges hill-
climbing with simulated annealing stages, and run on the
University of Ulm CUSS cluster. We have taken multiple
approaches to the optimizations presented here: (a) ini-
tially optimizing on the pulse amplitude only and subse-
quently optimizing both amplitude and phase; (b) using
the analytically derived sequence as an initial point of the
optimization (with parametrization possibly extended to
multiple applications of the theoretical sequence, all of
which is then Trotterized); (c) ”pushing” sequences to
shorted times and / or higher dissipating cavities by a
series of optimizations with increasingly constraining pa-
rameters, where the result of optimization n serves as the
initial conditions for optimization n+ 1 and, of trivially
(d) random starting conditions and simultaneous opti-
mization of all control parameters.
An example of such an optimal sequence has

been obtained using the full range of interactions,
(Re[G]xc + Im[G]pc)xm, and is presented in fig. (1).
Starting with an initial phonon occupation of 100, and
for κ = 0, we are able to achieve a final occupation be-
low 2 × 10−7 in 0.57 times the period of the mechanical
oscillator.
The cooling performance for a wide set of cooling se-

quences is presented in fig. (2) - results of several co-
variance matrix optimizations for varying values of the
cavity decay rate κ, and compared to the results of the
analytical sequence without numerical optimization. All
sequences take at most 0.8 × 2π/ν to reach their lowest
phonon number. All of the sets are initialized with 10
phonons and allow for a maximal increase in the coupling
control of 10ν. In all cases the optimal control method
obtains better results than the initial guess. Moreover it
can be seen that when the analytical pulse (eq. 6) was
given as an initial guess the final optimization results
were significantly better.

NON-LINEAR CASE

For systems with a strong coupling parameter g0
[39, 40], it is necessary to treat the full nonlinear descrip-
tion of the coupling presented in eq.(1). Without fur-
ther modifications, this system provides a picture where
the BCH approach used above generates undesired terms
that cannot be neglected. The fact that the cavity cou-
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FIG. 1. Sample pulse sequence optimized for the full linear
interaction, with initial phonon occupation of 100, Gmax = ν,
achieving a final occupation below 2× 10−7.
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FIG. 2. Results of several covariance matrix optimization
procedures. All of them have an initial phonon occupation
of 10, Gmax = 10ν. The red and magenta data sets involve
optimizations with random initial pulse-sequences, optimized
with partial (xcxm-only) and full coupling respectively. Final
temperatures achieved by sequences of 30 pulses (based on
the four pulse analytical formulations, repeated 7.5 times) are
shown before and after optimization (blue and cyan). Long
cyclic sequences (300 pulses, 75 times the 4 pulse analytical
sequence) are shown before and after optimization and are
represented by the dark and light green sets. A repetition of
the last set before optimization for κ = 0 appears at the left
axis of the plot.
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ples quadratically to the mechanical oscillator makes the
perturbations insensitive to sign changes, so that the pre-
viously given pulse/counter-pulse picture does not help
to overcome the undesired terms.
First let us analyze the effect that an analytical se-

quence equivalent to that applied in the linear case would
have in the non-linear approach. In this case a pcxm

pulse operator cannot be produced straight away, though,
but only after a BCH subsequence {−Ωxc, 0,Ωxc}. Al-
ready this introduces a mechanical driving of the form
g0(Ωtp)

2xm that cannot be countered by any sort of cav-
ity driving. The mechanical operators need then to be
displaced, otherwise higher order terms would be intro-
duced.
A more delicate issue is the one associated to pulses of

pairs of operators involving both the cavity and mechan-
ical oscillator. This generates cubic terms in the position
quadrature of the oscillator that renders it unstable. This
is hence the case when applying for a time t1 a nested
BCH transformation for the pulse 2g0Ωtppcxm obtained
during the subsequence. As shown for the linear case, this
is necessary in order to obtain the beam-splitter operator,
and will imply the two term substitutions xc → xc−Ωxm

and pm → pm + Ωpc. Defining Ω′ ≡ 2g0Ωtp the effective
Hamiltonian then reads:

H = H0 + 2νΩ′t1pcpm − 2∆Ω′t1xcxm

+ν(Ω′t1)
2p2c +∆(Ω′t1)

2x2
m

−2g0Ω
′t1xcx

2
m + g0(Ω

′t1)
2x3

m.

(7)

The terms in the first line correspond to the beam-splitter
operator when ∆ = ν. The second line presents quadratic
terms, for which a Bogoliubov transformation would be
in order to absorb them to the frequency terms of the
original Hamiltonian (see appendix A). The cubic terms
in the last line are proportional to g0. In the case of
systems with g0 ≪ ν, these terms can be neglected and
hence the linear approximation survives. In the regime
treated in this section, however, g0 is not a small param-
eter and the cubic terms cannot be neglected.
Further modifications to the system are hence required

in order to tackle this situation. A double cavity ap-
proach is proposed [41–43] where the coupling to the os-
cillator is of opposite sign for each mode. In Fabry-Perot
cavity settings, this corresponds to using the back of the
oscillator as a mirror for a second cavity, the layout is
presented in fig. (3). On the one hand, this cancels the
mechanical oscillator driving by the opposite effect of the
radiation pressures of each cavity. On the other hand, it
allows to distribute the coupling to the oscillator between
the two modes so that none of the two cavity modes is
coupled quadratically to the mechanical mode. The fol-
lowing is the Hamiltonian of the system without driving:

H0 = ∆(a†1a1 + a†2a2) + νb†b+
g0√
2
(a†1a1 − a†2a2)(b

† + b),

(8)

!"#$%&'('!"#$%&')'

*"+,-')' *"+,-'('

.,/0"1$/"2'

3+/$22"%3-'

FIG. 3. Layout of the double cavity plus resonator system.
The fact that the cavity is accessed from opposite directions
makes the coupling to the oscillator be of opposite sign.

where the subscript distinguishes the two cavity modes
and ∆ is the detuning for both sides of the double cav-
ity. As discussed above, the pulsing rate is assumed to
be larger than the decay rate of the cavity modes and
the objective is to beat the heating rate of the resonator.
Therefore, the incoherent dynamics will be neglected in
this section. The definition of symmetric and antisym-
metric modes simplifies the analytical procedures:

aa =
1√
2
(a1 + a2)

as =
1√
2
(a1 − a2)

(9)

so that the Hamiltonian becomes:

H0 = ∆(a†aaa + a†sas) + νb†b+ g0(xaxs + paps)xm. (10)

It is possible to drive the symmetric or the antisymmetric
mode and then effectively engineer the linear transfor-
mation between the mechanical oscillator and the other
mode. After the full sequence is implemented, a Trot-
ter decomposition is useful to counter undesired driving
terms of the cavity.

The BCH transformation {−Ωxa, 0,Ωxa} would gen-
erate the following Hamiltonian:

H = H0 + g0Ωt1psxm + 2∆Ωt1pa. (11)

Instead of restricting to free evolution between the two
pulses, it is useful to also drive the cavity during this time
segment with a pa pulse so that the coefficient of the last
term can be controlled at will. By defining this pulse as
−(α+ 2)∆Ωt1pa the last driving ends up becoming:

H = H0 + g0Ωt1psxm − α∆Ωt1pa. (12)
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The following list denotes the proposed driving se-
quence for the cavity, where the notation indicates a
nested BCH transformation:

{{−Ωxa, βpa,Ωxa}, 0, {Ωxa, βpa,−Ωxa}}, (13)

where β ≡ −(α+ 2)∆Ωt1 and the time vector is:

((t1, tf , t1), t
′
f , (t1, tf , t1)) (14)

with t2 ≡ t1 + tf + t1 and t3 ≡ 2t2 + t′f .
Taking Ωt1 ≫ 1, H0 in eq.(12) can be neglected. The

inverted transformation {Ωxa, 0,−Ωxa} together with
the inverted cavity driving during the free evolution will
generate the same expression with opposite sign, so that
these highest order terms can be interpreted as a pulse
in a further BCH transformation. This nested trans-
formation of pulse duration t2 results in the substitu-
tions xa → xa + α∆Ωt1t2, xs → xs − g0Ωt1t2xm and
pm → pm + g0Ωt1t2ps. For simplicity the definition
τ1 ≡ Ωt1t2 is used:

H = H0 + (α− 2)g0∆τ1xsxm + 2g0ντ1pmps

+νg20τ
2
1 p

2
s − 3∆g20τ

2
1x

2
m − τ1g

2
0xax

2
m

+2ατ1∆
2xa.

(15)

This Hamiltonian presents an xsxm and a pspm term
with the same coefficient if the resonance condition ∆ =
2ν/(α − 2) is met. For a driving where α = 4 the reso-
nance condition is ∆ = ν, which is important in exper-
imental layouts where the strength of the beam-splitter
operator would be limited to a value of order ν in order to
facilitate full energy transfer. In the end of the sequence
a xa pulse of area −2ατ1t3∆

2 can counter the last term
in eq.(15). In order for this to be as effective as possible it
is advisable to perform a Trotter decomposition between
the full sequence and the driving.
The rest of the terms are negligible: the one propor-

tional to xa is kept to a minimum thanks to the counter-
driving of xa (as mentioned at the end of the last para-
graph), and the two quadratic terms can be absorbed into
the corresponding frequency terms by means of a Bogoli-
ubov transformation (see appendix A). This transforma-
tion leaves the xsxm + pspm operator invariant. Nev-
ertheless it is worth pointing out that quadratic terms
are proportional to g20τ

2
1 , i.e., they are only going to be

relevant for high laser powers. In order to cool faster
than the trap frequency the following inequality has to
be satisfied: Ωg0 > 102ν2 (when all the ti’s are of the
same order of magnitude and are taken to be one or-
der of magnitude smaller than the mechanical oscillation
period). This requirement results from eq. 15 by de-
manding that the pre-factor of the beam-splitter operator
(xsxm + pspm term) equals ν. As compared to the val-
ues obtained for the linear approach, its requirements are
less challenging for the reason that the control variable is
here a direct physical parameter and not a time integral
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FIG. 4. Energy of the mechanical oscillator and the symmet-
ric cavity mode as a function of time.

of it, so sudden changes in the control variable translate
to very steep increases in the physical control. Finally,
note that in the non-impulsive limit (i.e. when Ωx≫H0

is false), as the free Hamiltonian is present while pulsing,
one may do without the periods of free evolution, as all
terms required for the commutation relations to generate
the cooling operator are present; pre-factors in this case
will be obviously different.
We have analyzed the effects of the nonlinear terms

via numerical simulation of the presented pulse sequence.
Figure (4) shows the resulting coherent state swapping
between the mechanical oscillator and the symmetric cav-
ity mode - a complete anti-Stokes process.

EXPERIMENTAL FEASIBILITY AND

VERIFICATION

We will finally discuss the feasibility of our pulsed
scheme for current optomechanical systems. To obtain
a laser cooling rate Γ beyond the limitation of con-
tinuous sideband-cooling, i.e. Γ > ν, readily avail-
able experiments are sufficient: for an optomechanical
Fabry-Perot cavity one can easily obtain ν = 2π106 Hz,
meff = 5×10−11 kg and κ = 0.75ν [16, 19], which yields
g0 = 75 Hz ≪ ν and hence satisfies the linear regime
of pulsed laser cooling (we have assumed a cavity length
l = 10−2 m and an optical pump wavelength λ = 1064
nm). Typical cooling rates that have been achieved thus
far in this regime are on the order of Γ 10−1 × ν [16].
In contrast, by using optimal control we can design a 10-
pulse cooling sequence of total duration 0.75 2π

ν
and pulse

energies of ≈ 40 nJ per pulse to obtain a cooling rate
Γ = 1.3 ν. Since here each pulse lasts 0.075µs, such pulse
energies can by created directly from amplitude modu-
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lating an 0.5W continuous laser beam. For an initial
temperature of T = 1K and γm ≈ 300Hz (Q = 2 × 104)
this sequence will already reach mechanical thermal oc-
cupancies on the order of nf ≈ 0.1.

As a second example we consider an optomechanical
Fabry-Perot double microcavity with ν = 2π104 Hz,
meff = 10−10 kg, κ = 2 × 105 ν and individual cavity
lengths L1 = L2 = 4λ, as has been suggested in [44].
The resulting g0 = 106 Hz > ν satisfies the nonlinear
regime of pulsed laser cooling. Using the analytically de-
rived BCH sequence, our method requires a set of laser
pulses of length ≪ 50 ps with a maximal peak power of
1 kW, which is a readily available technology for exam-
ple in form of Q-switched lasers. This will result in a net
cooling rate Γ = 104 ν. For γm ≈ 1, i.e. a Q-factor of
6× 104, this would already allow cooling to the quantum
ground state starting from room temperature.

CONCLUSIONS

We have introduced a novel pulsed cooling method
for mechanical oscillators, which surpasses the intrinsic
limit of conventional continuously pumped cooling. Our
scheme is based on generating a specific optomechanical
interaction, here the beam-splitter (cooling) interaction,
by quantum interference of successive pulses. While al-
ready a simple analytical approach provides otherwise
unachievable cooling rates Γ > ν, the use of optimal con-
trol methods can significantly enhance these rates even
further. We have also shown that already current op-
tomechanical configurations could achieve dramatic im-
provements in their experimental performance. In a simi-
lar way as presented in this work it is possible to generate
a rich class of optomechanical interactions, for example
the downconversion (entangling) interaction xcxm−pcpm
or various non-linear terms. This establishes a new and
complete tool kit for fast preparation and manipulation
of optomechanical quantum states and may very well
provide a route towards room temperature quantum op-
tomechanics.

This work was supported by the AXA Research Fund,
by the EU STREP projects HIP, PICC, MINOS and EU
project QESSENCE, by the Austrian Science Fund (FO-
QUS, START), by the European Research Council (ERC
StG), as well as by the Alexander von Humboldt foun-
dation.

While finishing this paper we learnt of reference [45],
which also treats pulsed cooling schemes for optomechan-
ical systems.
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Appendix A

In this section the values of a general Bogoliubov trans-
formation are derived so that any quadratic term αx2 +
βp2 is transformed into a frequency term δ(x′2 + p′2). If
the transformation between modes a and b is defined as

b = ua+ va†

b† = u∗a† + v∗a

|u|2 − |v|2 = 1

a = u∗b− vb†

a† = ub† − v∗b

(16)

the effect on a general quadratic term will be

∆(a†a+
1

2
) + Ωp2 = ∆(x2 + p2) + Ωp2 = αx2 + βp2

=
(√

αx− i
√

βp
)(√

αx+ i
√

βp
)

+
√

αβ

= 2
√

αβ

[

1

2

(

4

√

α

β
x− i

4

√

β

α
p

)(

4

√

α

β
x+ i

4

√

β

α
p

)

+
1

2

]

= ∆′
(

b†b+
1

2

)

(17)

where [x, p] = i. Now the parameters of the Bogoliubov
transformation can be found

b =
1√
2

(

4

√

α

β
x+ i

4

√

β

α
p

)

=
1

2

(

4

√

α

β
+

4

√

β

α

)

a+
1

2

(

4

√

α

β
− 4

√

β

α

)

a†

=
1

2

√
α+

√
β

4
√
αβ

a+
1

2

√
α−

√
β

4
√
αβ

a†

(18)

so that:

u =
1

2

√
α+

√
β

4
√
αβ

,

v =
1

2

√
α−√

β
4
√
αβ

.

(19)

The effect of this transformation on linear terms is

x = a+ a† = u∗b− vb† + ub† − v∗b

= (u∗ − v∗)b + (u− v)b† = Re(z−)x
′ + Im(z−)p

′

p = i(a† − a) = i(ub† − v∗b− u∗b+ vb†)

= i((u+ v)b† − (u∗ + v∗)b) = Re(z+)p
′ − Im(z+)x

′

(20)

where:

z− =
4

√

β

α
,

z+ = 4

√

α

β
.

(21)

Appendix B

A differential equation for the amplitude of the field in
the cavity Ein(t) as a function of a variable external field
Eout(t) of frequency ω is derived here. First of all, a re-
cursion formula can be found by considering the state of
the field inside the cavity after a round trip time τ ≡ 2L

c
,

with L the length of the cavity. It can be considered to
be the sum of (a) the previous field after bouncing off
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the mirrors of each end of the cavity (of reflectivity co-
efficient

√
R) and having picked up the phase eiωτ and

(b) the field that has entered the cavity during this time
through the front quarter-wavelength mirror of transmis-
sivity

√
T . This can be expressed as:

Ein(t+ τ) = ReiωτEin(t) + i
√
TEout(t+ τ). (22)

The detuning ∆ = ω − ωc, with ωc = π
L
c, provides us

with the only relevant phase difference:

Ein(t+ τ) = Rei∆τEin(t) + i
√
TEout(t+ τ). (23)

Assuming that the driving laser is almost in resonance
with the cavity eigenfrequency(∆τ ≫ 2π

ω
) the phase term

can be Taylor expanded to first order:

Ein(t+ τ) = R(1 + i∆τ)Ein(t) + i
√
TEout(t+ τ). (24)

For lossless cavities R = 1 − T ≈ 1, and therefore T∆τ
terms can be neglected:

Ein(t+ τ) = Ein(t) − TEin(t)

+ i∆τEin(t) + i
√
TEout(t+ τ).

(25)

In the limit where the dynamics in the cavity are negli-
gible during the short τ timescale, a differential equation
can be derived:

Ein(t+ τ)− Ein(t)

τ
= −T

τ
Ein(t)

+i∆Ein(t) + i

√
T

τ
Eout(t+ τ).

(26)

Since κ = T
τ
:

dEin

dt
= −κEin(t) + i∆Ein(t) + i

√
κ

1√
τ
Eout. (27)

It is possible to relate this equation to the regular def-
inition for the driving:

Ω =

√

κP

~ω
. (28)

The power P of an electromagnetic wave can be fur-
ther expressed in terms of the field amplitude E as

P = Energy
time

= ǫ0E
2Acdt
dt

= ǫ0E
2Ac, where A is the area

of the cross section of the laser and c the speed of light.
Thus:

Ω =

√

κP

~ω
=

√

κǫ0E2
outA2L

~ωτ
=

√

ǫ0V

~ω

√

κ

τ
Eout. (29)

The pre-factor
√

ǫ0V
~ω

can be expressed as
√

ǫ0E2V
~ω

1
E

=
√
n

E
, so that it can be interpreted as the inverse of the

electric field associated with one photon. The eq.(27)
can be rewritten as:
√

~ω

ǫ0V

dEin

dt
= −κ

√

~ω

ǫ0V
Ein(t)

+ i∆

√

~ω

ǫ0V
Ein(t) + iΩ

(30)

which is by definition:

da

dt
= −κa+ i∆a+ iΩ (31)

with a the field amplitude inside the cavity.
An alternative route to obtain the same result is to

transform the square of the last term in eq.(27) into:

E2
out

τ
=

n(t)

τ

E2
out

n(t)
=

U

τ

1

~ω

E2
out

n(t)
=

P

~ω

E2
out

n(t)
. (32)

So the equation has to be rewritten as:

dEin

dt
= −κEin + i∆Ein + i

√

κP

~ω

Eout√
n
. (33)

In order to get an equation for the field amplitudes,
one has to divide by the field amplitude carried by one
phonon ( E√

n
):

da

dt
= −κa+ i∆a+ i

√

κP

~ω
. (34)


